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Abstrat
We analyze renormalizability properties of nonommutative (NC) the-
ories with a bifermioni NC parameter. We introdue a new 4-dimensional
salar eld model whih is renormalizable at all orders of the loop expan-
sion. We show that this model has an infrared stable xed point (at the
one-loop level). We hek that the NC QED (whih is one-loop renor-
malizable with usual NC parameter) remains renormalizable when the NC
parameter is bifermioni, at least to the extent of one-loop diagrams with
external photon legs. Our general onlusion is that bifermioni nonom-
mutativity improves renormalizablility properties of NC theories.
1 Introdution
It is well known [1℄ that nonommutative (NC) eld theories have renormalizabil-
ity problems due to the so-alled UV/IR mixing [24℄. To overome this diulty,
one modies the propagator by adding an osillator term [57℄ in order to respet
the Langmann-Szabo duality [8℄, or by adding a term with a negative power of the
momentum [9℄. Supersymmetry also improves the renormalizability properties of
NC theories (see, e.g., [10℄). Some versions of NC supersymmetry (those whih
are based on the nonantiommutative superspae [11, 12℄, see also [13, 14℄) have
a nilpotent NC parameter, so that the star produt terminates at a nite order
of its expansion. It was demonstrated [15℄ that having a nilpotent NC parame-
ter does not neessarily imply supersymmetry. In [15℄ a nilpotent (bifermioni)
NC parameter was introdued in a bosoni theory, giving rise to many attra-
tive properties of that model. The aim of this work is to study to whih extent
having a nilpotent (or bifermioni) NC parameter inuenes the renormalization.
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We shall onsider non-supersymmetri theories in order to separate the eets of
nilpoteny from the eets of supersymmetry.
A suitable framework for suh an analysis was suggested in [15℄, where it was
proposed to onsider a bifermioni NC parameter
Θµν = iθµθν , (1)
where θµ is a real onstant fermion (a Grassmann odd onstant), θµθν = −θνθµ.
Note that bifermioni onstants appear naturally in pseudolassial models of
relativisti partiles [16, 17℄. Due to the antiommutativity of θµ, the expansion
of the usual Moyal produt terminates at the seond term,
f1 ⋆ f2 = exp
(
i
2
Θµν∂xµ∂
y
ν
)
f1(x)f2(y)|y=x = f1 · f2 −
1
2
θµθν∂µf1∂νf2. (2)
The star-produt, therefore, beomes loal.
In [15℄ a bifermioni NC parameter was used to onstrut a two-dimensional
eld theory model whih, in ontrast to usual time-spae NC models, has a lo-
ally onserved energy momentum tensor, a well-dened onserved Hamiltonian,
and an be anonially quantized without any diulties. Besides, the model
appears to be renormalizable. In the present work we study whether bifermioni
nonommutativity helps renormalize theories in four dimensions.
First we explore a model whih is a four-dimensional version of the model
suggested in [15℄ (this is nothing else than NC ϕ4 with an additional interation
inluded to make it less trivial). We nd that for a bifermioni NC parameter
this model beomes renormalizable at all orders of the loop expansion. We also
study the one-loop renormalization group equations and nd an infrared stable
xed point where all ouplings vanish.
From the tehnial point of view, having a bifermioni NC parameter looks
similar to expanding the theory in Θ and keeping just a few leading terms. The
ultraviolet properties of the expanded and full theories are rather dierent, and,
sometimes, expanded theories behave worse (see, e.g., [19℄). The reason is that,
on one hand, the propagator in expanded theories does not have an osillatory be-
havior, and, on the other hand, dangerous momentum-dependent verties appear.
All these problems appear also in theories with bifermioni nonommutativity,
but there is also an eet whih improves the ultraviolet behavior. Namely, some
divergent terms vanish due to θ2 = 0. Here we take the NC QED (whih is one-
loop renormalizable if the standard NC parameter is used) and demonstrate that
with a bifermioni NC parameter this model remains renormalizable at least for
one loop diagrams with external photons.
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2 A salar eld model
The ation of the model we onsider in this setion reads
S =
∫
d4x
(
1
2
(∂µϕ1)
2 +
1
2
(∂µϕ2)
2 +
1
2
(∂µϕ)
2 −
1
2
m21ϕ
2
1 −
1
2
m22ϕ
2
2 −
1
2
m2ϕ2
−
ei
2
[ϕ1, ϕ2]⋆ ⋆ ϕ ⋆ ϕ−
λ
24
ϕ4⋆
)
, (3)
whih is a four dimensional version of a model suggested in [15℄. The motivations
for taking this partiular form of the model are as follows. Sine any symmetrized
star produt with a bifermioni parameter is equivalent to the usual ommutative
pointwise produt, we need at least two elds, ϕ1 and ϕ2, to onstrut a non-
trivial polynomial interation term. As was explained in [15℄, even two elds are
not enough, so we take another salar eld ϕ to onstrut the interation term
with a oupling onstant e. We also added a self-interation term ϕ4⋆ = ϕ⋆ϕ⋆ϕ⋆ϕ
to make the dynamis more interesting. e and λ are real oupling onstants.
In [15℄ it was demonstrated that a two dimensional model with the same
Lagrange density as in (3) is renormalizable. It is relatively easy to ahieve
renormalizability in two dimensions. For example, there is a model of NC gravity
in two dimensions for whih the entire quantum generating funtional of Green
funtions an be alulated non-perturbatively at all orders of the loop expansion
[20℄ by using methods developed earlier in the ommutative ase [21℄. Here, to
be loser to physis, we onsider a four-dimensional model (3).
Due to our hoie (1) of the NC parameter, the interation part of the ation
(3) looks rather simple,
Sint =
∫
d4x
(
ei
2
(θµ∂µϕ1)(θ
ν∂νϕ2)ϕ
2 −
λ
24
ϕ4
)
. (4)
Now we are ready to derive the Feynman rules for our model. The propagators
are the standard propagators of massive salar elds. There are two verties, the
standard ϕ4 vertex and a new vertex, whih depends on the NC parameter.
p2
p1 p3
p4 p2
p1 p3
p4
ϕ2 ϕ
ϕϕ1
Figure 1: The standard ϕ4 vertex and the new vertex − ie
2
θp1θp2.
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The main observation whih proves the renormalizability of (3) is that any
diagram with an internal line of either ϕ1 or ϕ2 eld vanishes. Indeed, any
internal line of these elds inevitably onnets two "new" verties and, therefore,
reeives a multiplier (θ ·k)2 = 0, where k is the orresponding momentum. Power-
ounting renormalizability of our model follows then by standard arguments,
preisely as in the ommutative ase. Consider a diagram with N verties and
2K external legs. This diagram has 1
2
(4N − 2K) = 2N −K internal lines, giving
the total power of the momenta in the integrand −2(2N −K). The momenta of
the internal lines are restrited by N−1 delta-funtions, where −1 orresponds to
onservation of the total momenta of all external legs. Putting all this together,
we obtain that the degree of divergene is 4−2K, as in the ommutative ϕ4 theory.
The power-ounting divergent diagrams are the ones with 2 or 4 external legs.
The diagrams ontaining ϕ legs only are preisely the same as in the ommutative
ase, and they are renormalized in preisely the same way. Let us onsider the
diagrams with ϕ1 and ϕ2 legs. There are three types of suh diagrams (see Fig.
2)
p1
p2
ϕ1
ϕ2 a)
p1
p2
ϕ1
p3
p4
ϕ1
ϕ2ϕ2 b)
p1
p2
ϕ1
ϕ2 c)
p3
ϕ
p4
ϕ
Figure 2: The three divergent diagrams.
The diagram on Fig. 2a is proportional to (pθ)2, and, therefore, vanishes.
The diagram on Fig. 2b ontains (p1θ)(p2θ)(p3θ)(p4θ) = 0, due to momentum
onservation, p1+p2 = p3+p4. The diagram of Fig. 2 is at most logarithmially
divergent. Therefore, their divergent parts are proportional to the lowest power of
the external momenta, i.e., to (p1θ)(p2θ). It is easy to see, that suh divergenes
an be removed by a renormalization of the oupling e in the ation (3). We
onlude that the model (3) with a bifermioni NC parameter is renormalizable
at all orders of the loop expansion.
The renormalization of all parameters related to the eld ϕ (the renormaliza-
tion of m, λ and of the wave funtion ϕ) is not sensitive to the presene of the
other elds ϕ1 and ϕ2. There is no renormalization of the mass or of the wave
funtion ϕ1 or ϕ2. By omparing ombinatori fators appearing in front of the
relevant Feynman diagrams, and using the standard result [18℄ for ommutative
ϕ4 theory in the dimensional regularization sheme, one an derive a relation
3
δe
e
=
δλ
λ
=
λ
16π2
3
ǫ
(5)
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between innite one-loop renormalizations of the harges e and λ. The β-funtion
for λ is well known [18℄
βλ = −ǫλ+
3λ2
16π2
+O(λ3). (6)
From the relation (5) one an obtain the anomalous dimension of the oupling e,
βe, using the fat that the bare oupling is renormalization-group invariant,
µ
de0
dµ
= 0 , e0 = µ
ǫe
(
1 +
λ
16π2
1
ǫ
)
.
Expliitly,
µ
d
dµ
e0 = µ
ǫ
(
ǫe+
eλ
16π2
)
+ µǫ
[
βe
(
1 +
λ
16π2
1
ǫ
)
+
e
16π2
1
ǫ
βλ
]
= 0 ,
whih implies
βe = −
[
ǫe+
eλ
16π2
+
e
16π2
1
ǫ
βλ
](
1−
λ
16π2
1
ǫ
)
= −ǫe +
λe
16π2
+O
(
eλ2
)
.
Now we an remove the regularization by setting ǫ = 0 and solve the renor-
malization group equations
µ
d
dµ
λ(µ) = βλ(λ(µ)), µ
d
dµ
e(µ) = βe(e(µ)) (7)
for the running ouplings λ(µ) and e(µ). The initial onditions are λ(µ0) = λ,
e(µ0) = e with µ0 being a normalization sale. Sine βλ does not depend on e,
the equation for λ(µ) may be solved rst, giving the well-known result
λ (µ) = λ
(
1−
3
16π2
λ ln
µ
µ0
)−1
. (8)
Solving then the equation for e(µ) we obtain
e (µ) = e
(
1−
3λ
16π2
ln
µ
µ0
)− 1
3
. (9)
In the limit µ → 0 both ouplings vanish, and we have an infrared stable xed
point. Note, that e(µ) vanishes slower than λ(µ) while approahing the xed
point.
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3 Nonommutative QED with bifermioni param-
eter
Let us onsider NC QED in Eulidean spae with the lassial ation
Scl =
∫
d4x
[
1
4g2
Fˆ 2µν + ψ¯ (iγµDµ)ψ
]
(10)
where Dµψ = ∂µψ − iAµ ⋆ ψ and
Fˆµν = Fµν − i(Aµ ⋆ Aν −Aν ⋆ Aµ), Fµν = ∂µAν − ∂νAµ .
The γ-matries satisfy {γµ, γν} = 2δµν and are hermitian, δµν = diag (1, 1, 1, 1).
For ordinary NC parameter, this theory is known to be one-loop renormalizable
[22,23℄. But an expansion in Θ an violate renormalizability already at one loop,
as was demonstrated in [19℄ in the framework of the Seiberg-Witten map.
Here we hek whether NC QED remains renormalizable at one loop if the
NC parameter is bifermioni (1). To simplify our analysis we onsider the ase
when only ψ is quantized while Aµ remains a lassial bakground eld. One
an hek that this orresponds to retaining all diagrams with external photons
in the Lorentz gauge. Renormalizability in suh a simplied model means that
the one-loop divergene is proportional to the orresponding term in the lassial
ation (10), namely, to Fˆ 2µν . The eetive ation an be formally written as
W = − ln det /D = −
1
2
ln det /D
2
(11)
where
/D is the Dira operator on nonommutative R4 in the presene of an
external eletromagneti eld.
/D = iγµ (∂µ − iAµ⋆) = iγµ
(
∂µ − iAµ +
i
2
θ∂Aµθ∂
)
, θ∂ ≡ θµ∂µ . (12)
To avoid writing too many brakets we adopt the onvention that the derivative
only ats on the funtion whih is next to it on the right (ignoring, of ourse, any
number of θ's or other derivatives whih may appear in between). For example,
θ∂Aµθ∂ = (θ∂Aµ)θ∂ is a rst-order dierential operator.
It is onvenient to use the zeta-funtion regularization of funtional determi-
nants [24,25℄, so that the regularized eetive ation (11) readsW reg = 1
2
ζ( /D
2
, s)Γ(s)
where ζ( /D
2
, s) = TrL2(( /D
2
)−s). In the physial limit, s → 0, the regularized ef-
fetive ation diverges, and the divergent part reads
W div =
1
2s
ζ( /D
2
, 0). (13)
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Usually,
/D
2
is an operator of Laplae type, so that the heat trae
K( /D
2
; t) = TrL2(e
−t /D
2
) (14)
exists and admits an asymptoti expansion
K( /D
2
; t) ≃
∑
k≥0
t(k−n)/2ak
(
/D
2
)
(15)
as t → +0. Here n the is dimension of the underlying manifold. A review of
the heat kernel expansion an be found in [26℄ for ommutative manifolds, and
in [27℄ for the NC ase. Let us assume that the expansion (15) is valid for the
operator (12). (This will be demonstrated in a moment). Then, by using the
Mellin transform, one an show
ζ( /D
2
, 0) = a4( /D
2
) (16)
in n = 4 dimensions. There is no good spetral theory for dierential operators
with symbols depending on fermioni parameters. To be on the safe side, we shall
evaluate (16) by two independent methods.
First, we use existing results on the heat kernel expansion on NC manifolds.
The operator
/D
2
= −
(
(∂µ − iAµ⋆)
2 −
i
4
[γµ, γν ]Fˆµν⋆
)
, (17)
(where partial derivatives at all the way to the right), has left star-multipliations
only (meaning that in the eigenvalue equation
/D
2
ψ = λψ all bakground elds
multiply ψ from the left), and, therefore, falls into the ategory onsidered in
[28, 29℄. The alulations made in [28℄
1
are regular at Θ = 0 and survive an
expansion to a nite order in Θ (see eqs.(15) - (26) there). Note that suh a
statement is not true for operators having both right and left star multipliations
[30, 31℄. Anyway, we are allowed to use the results of [28, 29℄ for the operator
(17). First, we bring
/D
2
to the standard form
/D
2
= −
(
∇ˆµ∇ˆµ + Eˆ⋆
)
, ∇ˆµ ≡ ∂µ + ωˆµ⋆ , (18)
where
ωˆµ = −iAµ, Eˆ = −
i
4
[γµ, γν]Fˆµν . (19)
Then, aording to [28, 29℄, the asymptoti expansion (15) exists and the oe-
ient a4 reads
a4 =
1
(4π)2
1
12
∫
d4x tr (6Eˆ ⋆ Eˆ + Ωˆµν ⋆ Ωˆµν) (20)
1
The paper [28℄ treated the ase of a NC torus, and the ase of a NC plane was done in [29℄.
In the present ontext distintions between the torus and the plane are not essential.
7
with Ωˆµν = [∇ˆµ, ∇ˆν ]. By substituting (19) in (20) and taking the trae, we obtain
a4( /D
2
) =
1
(4π)2
2
3
∫
d4xFˆµν ⋆ Fˆµν . (21)
The other method we use does not rely on the star-produt struture, but
rather uses an expanded form of the operator
/D
2
= −(∂2 − 2iAµ∂µ − i(∂µAµ)− A
2)− i (θ∂)Aµ (θ∂) ∂µ
−
i
8
[γµ, γν ] (θ∂)Fµν (θ∂)−
i
2
(θ∂) ∂µAµ (θ∂)− A
µ (θ∂)Aµ (θ∂)
−
1
4
[γµ, γν ] (θ∂)Aµ (θ∂)Aν +
i
4
[γµ, γν]Fµν . (22)
The oeient a4 an be read o from the seminal paper by Gilkey [32℄ by
identifying orresponding invariants. For any Laplae type operator of the form
P = − (gµν∂µ∂ν + a
σ∂σ + b) (23)
one identies gµν with a Riemannian metri (to enable suh an identiation the
leading symbol must be a unit matrix in spinorial indies - a property whih is
fortunately true for the operator (22)). There is a unique onnetion ω suh that
P may be presented as
P = − (gµν∇µ∇ν + E) , (24)
where the ovariant derivative∇ = ∇[R]+ω ontains the Riemann onnetion and
a gauge part. The zeroth-order part reads E = b − gµν
(
∂µων + ωνωµ − ωσΓ
σ
νµ
)
,
where Γσνµ is the Christoel symbol of the metri g
µν
. One also introdues the
eld strength tensor Ωµν = ∂µων − ∂νωµ + [ωµ, ων ].
In n = 4 the relevant heat kernel oeient reads
a4 (P ) =
1
(4π)2
1
12
∫
d4x
√
g (x)tr
(
6E2 + ΩµνΩρσg
µρgνσ + [R2 − terms]
)
. (25)
The terms quadrati in the Riemann urvature tensor are not written expliitly.
The model was initially formulated in at Eulidean spae, so that there are no
distintions between upper and lower indies. Whenever we need to ontrat a
pair of indies with the eetive metri gµν , the metri is written expliitly.
Let us restrit ourselves to the terms whih are of zeroth and seond order in
θ. From eq.(22) one an read o the metri gµν
gµν = δµν +
i
2
θ∂ (Aµθν + Aνθµ) , gµν = δµν −
i
2
θ∂ (Aµθν + Aνθµ) , (26)
the Christoel symbol
Γµνσ =
i
4
δµκθ∂ [θσFκν + θνFκσ − θκ(∂σAν + ∂νAσ)] ,
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and aµ and b,
aµ =
i
8
[γκ, γν ] θ∂Fκνθ
µ +
i
2
θ∂∂νAνθ
µ + Aνθ∂Aνθ
µ − 2iAµ
b =
1
4
[γµ, γν] θ∂Aµθ∂Aν −
i
4
[γµ, γν]Fµν − i∂A − A
2 .
From these expressions we alulate the gauge onnetion
ωµ =
1
2
gµν (a
ν + gκσΓνκσ)
= −iAµ −
1
2
(θ∂)Aµ (θA) +
i
4
(θ∂) θκFµκ +
i
16
[γκ, γσ] θ∂Fκσθµ ,
and the trae of E2 and Ω2 follow
trE2 = 2FˆµνFˆµν + 2iFµν (θA) (θ∂)Fµν , Fˆµν = Fµν + i (θ∂)Aµ (θ∂)Aν ,
trgµκgνσΩµνΩκσ = −4FˆµνFˆµν + 4iFµν (θ∂)Fµν (θA) .
The Riemann tensor for the metri (26) is at least of the seond order in θ.
Therefore, the urvature square terms are at least of the fourth order in θ and
must be negleted.
Finally, we are able to ompute a4,
a4
(
/D
2
)
=
1
(4π)2
2
3
∫
d4xFˆµνFˆµν ,
whih is in agreement with (21).
The two methods we used above to alulate the heat kernel oeient a4
dier in the way we treated derivatives ontained in the star produt. In the
seond method these derivatives modify the rst and the seond order parts of
the orresponding dierential operator, and, therefore, the eetive metri and
the eetive onnetions are hanged. Aording to the rst method, the star-
produt as a whole is onsidered as a multipliation, i.e., as a zeroth order op-
erator. This ensures regularity of the heat kernel expansion [28, 29℄ for small Θ.
For more general NC Laplaians (ontaining both right and left star multiplia-
tions) this regularity is lost [30, 31℄. However, let us onsider the heat operator
h(t) = e−t(P0+P2) where P0 does not depend on θ, while P2 is at least bilinear
in the (fermioni) parameter. Obviously, h(t) an be expanded in series in P2,
and onvergene is not an issue, sine the expansion terminates. These simple
arguments show that in a more general ase the seond method will probably
work, while the rst one will probably not.
By olleting together (13), (16) and (21), we see that the divergent part of the
eetive ation is proportional to Fˆ 2µν and may be anelled by a renormalization
of the oupling g in the lassial ation (10). Therefore, the model (10) with
quantized spinor and bakground vetor elds is renormalizable.
9
4 Conlusions
In this paper we have studied the renormalization properties of NC theories in
four dimensions with a bifermioni NC parameter. We have found a salar model
whih is renormalizable at all orders of the loop expansion, thus adding a new
example to a (not very rih) family of renormalizable non-supersymmetri NC
theories in four dimensions. We have also found that this model has an infrared
stable xed point at the one-loop level.
We also took another model, the NC QED, whih is one-loop renormalizable
with the usual NC parameter, and heked that the introdution of a bifermioni
NC parameter does not destroy the one-loop renormalizability at least in the
setor with external photon legs. We onlude that bifermioni nonommutativity
is renormalization-friendly. Thus it seems to be a rather promising version of
nonommutativity, worth being taken seriously, and prompting further studies.
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